Abstract: An analytical and semi-analytical method is used to solve two-fluid magneto-hydrodynanamic flow and heat transfer in the presence of a constant electric field in a vertical channel using Robin boundary conditions. The channel is filled with electrically conducting fluid in one region and non-conducting fluid in the other region, which are immiscible. The viscous and Ohmic dissipation terms are included in the energy equation. The fluids in both regions are incompressible and the transport properties are assumed to be constant. Separate solutions are matched at the interface using suitable matching conditions. First, the simple cases of the negligible Brinkman number or the negligible Grashof number are solved analytically. Then, the combined effects of buoyancy forces and viscous dissipation are analyzed by a perturbation series method (PM) valid for small values of the perturbation parameter. To relax the conditions on the perturbation parameter, the flow fields are solved by using the differential transform method (DTM). The results are presented for various values of mixed convection parameter, perturbation parameter, Hartman number, viscosity ratio, width ratio, conductivity ratio, and Biot numbers for open and short circuits. The effects of these parameters on the physical characteristics, such as the Nusselt number at the walls, is also studied. The solutions obtained by DTM are justified by comparing the solutions obtained by PM, and good agreement is found. 
Introduction
Combined free and forced convection flow of an electrically conducting fluid in a channel in the presence of a transverse magnetic field is of special technical significance because of its frequent occurrence in many industrial applications, such as geothermal reservoirs, cooling of nuclear reactors, thermal insulation, and petroleum reservoirs. This type of problem also arises in electronic packages and microelectronic devices during their operation. Oreper and Szekely [1] analyzed buoyancy-driven flow in a rectangular cavity under the action of an externally imposed magnetic field. For a rectangular vertical duct, Hunt [2] and Buhler [3] analyzed the fluid flow problem in a magnetic field with or without buoyancy effects. For a conducting fluid, Shercliff [4] analyzed the fluid flow characteristics in a pipe under a transverse magnetic field. Umavathi [5] made note of magneto-convection in a vertical enclosure in the presence of an electric field. Malashetty et al. [6] studied magneto-convective flow and heat transfer between a vertical wavy wall and a parallel wall. Recently, Umavathi and Liu [7] studied mixed convective flow and heat transfer of an electrically conducting fluid in a vertical channel with a heat source-sink. Liu et al. [8] analyzed the effect of magnetic field in the presence of viscous dissipation, nonuniform heat source and (or) sink, and thermal radiation on flow and heat transfer in a hydromagnetic liquid film over an unsteady stretching sheet with prescribed heat flux conditions. Several studies on mixed convection problems for a Newtonian fluid in a vertical channel have already been presented in the literature. In particular, some analytical solutions for the fully developed flow have been performed. Boundary conditions of uniform wall temperatures were analyzed by Aung and Worku [9] . The boundary conditions of uniform wall temperatures and uniform wall heat fluxes were studied by Hamadah and Wirtz [10] and by Cheng et al. [11] . The effects of viscous dissipation on the velocity and on the temperature profiles were analyzed by Barletta [12] for the boundary conditions of uniform wall temperatures and by Zanchini [13] for boundary conditions of the third kind. Heat transfer in the laminar region of a flat channel for the temperature boundary conditions of the third kind was explored by Javeri [14] . Javeri [15] investigated the influences of the temperature boundary condition of the third kind on the laminar heat transfer in the thermal entrance region of a rectangular channel. Using the Robin boundary conditions, Umavathi and Santhosh [16, 17] studied non-Darcy mixed convection in a vertical porous channel. Umavathi and Jaweria [18] also studied mixed convective flow of micropolar fluid in a vertical channel using boundary conditions of third kind.
All of the preceding studies pertain to a single-fluid model. Most problems relating to the petroleum industry, geophysics, plasma physics, magneto-fluid dynamics, and so forth involve multi-fluid flow situations. Hartmann flow of a conducting fluid and a nonconducting fluid layer contained in a channel was studied by Shail [19] , whose results predicted that an increase of the order 30% can be achieved in the flow rate for suitable ratios of heights and viscosities of the two fluids. Lohrasbi and Sahai [20] studied twophase magnetohydrodynamic (MHD) flow and heat transfer in a parallel-plate channel with the fluid in one phase being conducting. These studies are expected to be useful in understanding the effect of the presence of a slag layer on heat transfer characteristics of a coal-fired MHD generator. There have been some experimental and analytical studies on hydrodynamic aspects of the two-fluid flow reported in the recent literature. Following the ideas of Alireza and Sahai [21] , Malashetty et al. [22, 23] studied two-fluid MHD flow and heat transfer in an inclined channel, and flow in an inclined channel containing porous and fluid layers. Umavathi et al. [24, 25] , and Prathap Kumar et al. [26, 27] presented analytical solutions of an oscillatory Hartmann two-fluid flow and heat transfer in a horizontal channel and mixed convection of conducting two-fluid flow and heat transfer in a vertical channel. Recently, Umavathi et al. [28] have analyzed the MHD PoiseuilleCouette flow and heat transfer of two immiscible fluids between inclined parallel plates. MHD flows inside channels can be propelled in many different ways, for example, in electro-MHD axial flow along a channel is generated by the interaction between the magnetic field and an electric field acting normal to it. Regardless of the purpose of a multi-fluid electro-MHD flow, it is important to understand the dynamics of interfaces between the fluids and its effect on the transport characteristics of the system.
The differential transform scheme is a method for solving a wide range of problems whose mathematical models yield equations or systems of equations involving algebraic, differential, integral, and integro-differential equations (e.g., see Ayaz [29] , Arikhoglu and Ozkol [30] , and Biazar et al. [31] ). The concept of the differential transform was first proposed by Zhou [32] , and its main applications there in to solve for both linear and nonlinear initial value problems in electrical circuit analysis. This method constructs an analytical solution in the form of polynomials. It is different from the high-order Taylor series method, which requires symbolic computation of the necessary derivatives of the data functions. With this technique, the given differential equation and related initial and boundary conditions are transformed into a recurrence equation that finally leads to the solution of a system of algebraic equations as coefficients of a power series solution. Therefore the differential transform method can overcome the restrictions and limitations of perturbation techniques so that it provides us with a possibility to analyze strongly nonlinear problems. In recent years the application of differential transform theory appeared in many studies (e.g., see Jang et al. [33] , Rashidi et al. [34] , and Ganji et al. [35] ).
Keeping in view the wide area of practical importance of multifluid flows as mentioned earlier, it is the objective of the present study to investigate MHD flows and heat transfer of two immiscible fluids in a vertical channel in the presence of applied electric field using Robin boundary conditions.
Mathematical formulation
The geometry under consideration illustrated in Fig. 1 consists of two infinite parallel plates maintained at equal or different constant temperatures extending in the X and Z directions. The region −h 1 /2 ≤ Y ≤ 0 is occupied by electrically conducting fluid of density 1 , viscosity 1 , thermal conductivity k 1 , thermal expansion coefficient ␤ 1 , and electrical conductivity e and the region 0 ≤ Y ≤ h 2 /2 is occupied by another immiscible, viscous, incompressible fluid of density 2 , viscosity 2 , thermal conductivity k 2 , and thermal expansion coefficient ␤ 2 . A constant magnetic field of strength ␤ 0 is applied normal to the plates and a uniform electric field E 0 is applied perpendicular to the plates. It is assumed that the magnetic Reynolds number is sufficiently large so that the induced magnetic field can be neglected, and the induced electric field is assumed to be negligible. The fluids are assumed to have constant properties, except the density in the buoyancy term of the momentum equation 1 
A fluid rises in the channel driven by buoyancy forces. The transport properties of both fluids are assumed to be constant. We consider the fluids to be incompressible and the flow to be steady, laminar, and fully developed. It is assumed that the only nonzero component of the velocity q is the X-component U i (i = 1, 2). Thus, as a consequence of the mass balance equation, one obtains
so that U i depends only on Y. The momentum balance equations yields Region-I
Region-II
and the Y-momentum balance equation in both the regions can be expressed as 
where P = p + 0 gx (assuming P 1 = P 2 = P) is the difference between the pressure and hydrostatic pressure. Because of (4), P depends only on X so that (2) and (3) can be rewritten as Region-I
From (5) and (6) one obtains Region-I
Both of the channel walls will be assumed to have a negligible thickness and to exchange heat by convection with an external fluid. In particular, at Y = −h 1 /2 the external convection coefficient will be considered uniform with the value q 1 and the fluid in the region −h 1 /2 ≤ Y ≤ 0 will be assumed to have a uniform reference temperature T q 1 . At Y = h 2 /2 the external convection coefficient will be considered uniform with the value q 2 and the fluid in the region 0 ≤ Y ≤ h 2 /2 will be supposed to have a uniform reference temperature T q 2 ≥ T q 1 . Therefore, the boundary conditions on the temperature field can be expressed as
Because of (8) and (11), (13) and (14) can be rewritten as
Because of (5) and (6), there exists a constant A such that
For the problem under examination, the energy balance equation in the presence of viscous dissipation can be written as Region-I
Equations (9), (18), (12), and (19) allow one to obtain differential equations for U i , namely,
The boundary conditions on U i are
together with (15) and (16), which on account of (5) and (6) can be rewritten as
Assuming continuity of velocity, shear stress, temperature, and heat flux at the interface we obtain
Equations (20)- (24) determine the velocity distribution. They can be written in a dimensionless form by means of the following dimensionless parameters:
where D = 2h is the hydraulic diameter. The reference velocity and the reference temperature are given by
Moreover, the temperature difference ⌬T is given by ⌬T ϭ
As a consequence, the dimensionless parameter R T can only take values 0 or 1. More precisely, the temperature difference ratio R T is equal to 1 for asymmetric heating (i.e., T q 1 Ͻ T q 2 ), while R T = 0 for symmetric heating (i.e., T q 1 ϭ T q 2 ). Equation (17) implies that A can be either positive or negative. If A > 0, then U 0 i , Re, and ⌳ are negative (i.e., the flow is downward).
If A < 0, the flow is upward, so that U 0 i , Re, and ⌳ are positive. Using (25) and (26), (20)- (24) become
The boundary and interface conditions become
Basic differential transformation method (DTM)
The transformation of the kth derivative of a function in one variable is as follows:
where u(y) is the original function and Ū͑k͒ is the transformed function, which is called the T-function. The differential inverse transform of Ū͑k͒ is defined as
Equation (31) implies that the concept of the differential transformation is derived from Taylor's series expansion (see Zhou [32] ), but the method does not evaluate the derivatives symbolically; relative derivatives are calculated using an iterative procedure that is described by the transformed equations of the original functions. In real applications, the function u(y) is a finite series and hence (31) can be written as (32) and (31) implies that (32) is neglected as it is small. Usually, the values of n are decided by a convergence of the series coefficients. Mathematical operations performed using the differential transform method are listed in Table 1 .
Solutions

Case 1
The solution of (27) and (28) using boundary and interface conditions in (29) in the absence of viscous dissipation term (Br = 0) is given by Region-I
Using (25) in (5) and (6), the energy balance equations become
Using the expressions obtained in (33) and (34) the energy balance equations, (35) and (36), become
Case 2
The solution of (27) and (28) can be obtained when buoyancy forces are negligible (⌳ = 0) and viscous dissipation is dominating (Br ≠ 0), so that purely forced convection occurs. For this case, solutions of (27) and (28), using the boundary and interface conditions given by (29) , the velocities are given by Region-I
The energy balance (18) and (19) in non-dimensional form can also be written as
The boundary and interface conditions for temperature are
Using (39) and (40), and solving (41) and (42) we obtain Region-I
Perturbation method (PM)
We solve (27) and (28) using the PM with a dimensionless parameter || (Ͻ Ͻ 1) defined as ϭ ⌳Br (46) which does not depend on the reference temperature difference ⌬T. To this end the solutions are assumed in the form
Substituting (47) in (27) and (28) and equating the coefficients of like powers of to zero, we obtain the zeroth-and first-order equations as follows:
Region-I Zeroth-order equations 
The corresponding boundary and interface conditions given by (29) for the zeroth and first order reduce to Zeroth-order Original function Transformed function 
First-order 
Solutions of first-order equations (49) and (51) using boundary and interface conditions of (53) 
Solution with DTM
The DTM has been applied to solving (27) and (28) . Taking the differential transformation of (27) and (28) with respect to k, and following the process as given in Table 1 yields
The differential transform of the initial conditions are as follows:
Using the conditions as given in (62), one can evaluate the unknowns c 1 , c 2 , c 3 , and c 4 . By using the DTM and the transformed boundary conditions, these equations finally lead to the solution of a system of algebraic equations.
A Nusselt number can be defined at each boundary, as follows:
By employing (25) , (63) can be written as
(64)
Results and discussion
In this section, the analysis of flow and heat transfer results in a vertical channel containing electrically conducting and nonconducting fluid layers is performed. The governing equations, which are highly nonlinear and coupled are solved analytically using the regular PM with = ⌳Br as the perturbation parameter valid for small values of . For all values of the basic equations are solved using the DTM, which is a semi-analytical method. It should be noted that the case > 0, ⌳ > 0 corresponds to upward flow and < 0, ⌳ < 0 corresponds to downward flow. Two conditions, namely, (i) asymmetric wall temperatures (T 1 < T 2 , R T = 1) and (ii) symmetrical wall temperatures (T 1 = T 2 , R T = 0) have been considered for equal and unequal wall temperatures. The electric field load parameter E = 0 corresponds to short circuit and E ≠ 0 corresponds to open circuit, for which E may be positive or negative depending on the polarity of E 0 . In the absence of viscous dissipation (Br = 0) a plot of u versus y is shown in Fig. 2 for ⌳ = 0, 1000 for both open and short circuits. It is seen that for ⌳ = 1000 there is a flow reversal near the cold wall and a symmetric profile for ⌳ = 0 for both open and short circuits. One can also view from this figure that the direction of the flow when E > 0 is opposite to that when E < 0 and the velocity profile lies in between E = ±1.
The case of negligible mixed convection parameter and the effects of viscous dissipation on the temperature field are displayed in Figs. 3a and 3b for equal and unequal Biot numbers, respectively. The temperature field increases with increasing values of Brinkman number for equal and unequal Biot numbers. In the absence of viscous dissipation and mixed convection parameter ⌳ there is no effect of electric field load parameter E. The effect of ⌳ and Br on the velocity and temperature in the absence of magnetic field and electric field are similar to the result obtained by Zanchini [13] for both equal and unequal Biot numbers for the one-fluid model.
The effect of Hartman number on the flow field for open and short circuits is shown in Fig. 4 for equal Biot numbers and for buoyancy assisting flow. The effect of Hartman number M is to decrease the velocity and temperature field for both open and short circuits. This is a classical result, as it is well known that the suppression in the flow field with the variation in Hartman number is due to the retarding Lorentz force on the flow. Here also it is observed that flow reversal occurs at the cold wall and its intensity is enhanced for increasing values of electric field load parameter E.
The effect of the Hartman number M for unequal Biot numbers on the flow field for open and short circuits for buoyancy-assisting flow is shown in Fig. 5 . The effect of the Hartman number on the flow for unequal Biot numbers shows the similar nature as observed for equal Biot numbers (Fig. 4) . However, the nature of the velocity profile is parabolic for unequal Biot numbers for M = 4 and reversal flow is observed at the left wall for M = 8. The effect of the Hartman number for equal and unequal Biot numbers for symmetric heating is displayed in Figs. 6 and 7 , respectively, for both open and short circuits. The Hartman number M for symmetric heating is found to reduce the velocity and temperature fields for both open and short circuits, which is similar to the result observed for asymmetric wall heating for equal and unequal Biot numbers (Figs. 6a and 7a) . The nature of the temperature profiles for symmetric heating is parabolic for equal Biot numbers whereas the temperature profiles are more distinguishable at the cold wall for the unequal Biot numbers case, as seen in Figs. 6b and  7b , respectively. The Hartman number M is found to suppress the temperature field for equal and unequal Biot numbers. The plots of u for E = 0 lie in between E = ±1, whereas the plots of for E = −1 lie in between E = 1 and 0 for both equal and unequal Biot numbers.
The effect of viscosity ratio parameter m, width ratio h, and conductivity ratio k on velocity and temperature fields for equal Biot numbers and for open and short circuits for upward flow is shown Figs. 8, 9 , and 10, respectively. It is seen from Fig. 8 that as the viscosity ratio m increases for values of m > 1, velocity increases in region-I and decreases in region-II and the temperature field is unaffected. The viscosity ratio m is taken as the ratio of the viscosity of the electrically conducting fluid to the viscosity of the non-conducting fluid. The increase in the value of m (> 1) implies that the viscosity of the non-conducting fluid is greater than the viscosity of the conducting fluid and hence from Fig. 8a it is clear that the magnitude of the velocity in region-I is higher than the magnitude of the velocity in region-II. Further it is also seen from Fig. 8a that when m = 1 the velocity plot is a smooth curve at y = 0 whereas for values of m > 1 there is a sudden jump in velocity at y = 0. This is because of the type of boundary condition defined at the interface (u 1 = mh 2 u 2 , that is, u 1 = 2u 2 for m = 2 and h = 1). One can also reveal from Fig. 8a that the plots of u for E = 0 lie in between E = ±1. The magnitude for E = −1 is larger than that for E = 1.
The width ratio h for both open and short circuits for buoyancy assisting flow on the velocity and temperature are shown in Figs. 9a and 9b, respectively. As the width ratio h increases both velocity and temperature fields decrease in both regions for all values of E. Here also the plots for E = 0 lie in between E = ±1. The width ratio h is defined as the width of the non-conducting fluid layer to the width of the conducting fluid layer. Therefore, physically, h increases (h > 1) implying that the width of the conducting fluid layer is wider than the non-conducting fluid layer. Hence the effect of h is more significant in region-I than in region-II. Further, the temperature profiles are invariant for any values of E. From Fig. 9a it is clear that there is a flow reversal at the left wall for upward flow.
As the conductivity ratio k increases, both velocity and temperature fields decrease in both regions for all values of E as seen from Figs. 10a and 10b. The thermal conductivity ratio K is defined as the ratio of the conducting fluid layer to the non-conducting fluid layer. Therefore increasing K (> 1) implies that the thermal conductivity of the non-conducting fluid layer is larger than that of the conducting fluid layer. Physically, an increase in the thermal conductivity implies an increase in the viscous dissipation, which helps to increase the temperature field and hence enhances the velocity field also. Therefore the plots of u and in region-II show a higher magnitude than in region-I. The effects of m, h, and k on the flow are similar to the result observed by Kumar et al. [27] for isothermal boundary conditions. Figure 11 show the plots of Nu 1 and Nu 2 for ⌳ = 500, 100, −300 versus || for both open and short circuits. This figure indicates that Nu 1 is an increasing function of || while Nu 2 is a decreasing function of || for both open and short circuits. Further, the effects of on Nu 1 and Nu 2 are stronger for lower values of ⌳ for buoyancy assisting flow. To compare the present results with the earlier published work, the values of viscosity ratio, width ratio, and conductivity ratio are taken as 1. The effects of Biot numbers on symmetric wall heat conditions and Nusselt numbers in the absence of Hartman number and electric field load parameter are similar to the results observed by Zanchini [13] for the one-fluid model. Tables 2-4 present the velocity and temperature solutions obtained by PM and DTM for symmetric and asymmetric wall heating conditions varying the perturbation parameter for equal and unequal Biot numbers. In Table 2 , it is seen that in the absence of perturbation parameter, the PM and DTM solutions are equal for both the velocity and temperature fields. When the perturbation parameter is increased ( = 1), it is seen that the PM and DTM Tables 3  and 4 for PM and DTM solutions. Tables 2 and 3 show the solutions of velocity and temperature for asymmetric wall heating conditions for equal and unequal Biot numbers, respectively. Tables 2 and 3 also reveal that the percentage of error is large at the interface for velocity when compared with the error at the boundaries. Further, the percentage of error between PM and DTM is large for unequal Biot numbers when compared with equal Biot numbers. 
Conclusion
The problem of steady, laminar, mixed, convective flow in a vertical channel filled with electrically conducting and non-conducting fluid in the presence of viscous and Ohmic dissipation is analyzed using Robin boundary conditions. The governing equations were solved analytically using PM valid for small values of perturbation parameter and using the DTM valid for all values of governing parameters. The following conclusions were drawn.
1. The Hartman number suppresses the flow for symmetric and asymmetric wall heating conditions for all the governing parameters for both open and short circuits. 2. The viscosity ratio increases the flow in the electrically conducting region and decreases it in the viscous region for equal Biot numbers. The width ratio and conductivity ratio suppress the flow in both the regions for equal Biot numbers. Similar results were also observed by Kumar et al. [27] for isothermal boundary conditions. 3. The Nusselt number at the cold wall was an increasing function of || and a decreasing function of || at the hot wall. 5. The percentage of error between PM and DTM agree very well for small values of perturbation parameter. 6. Fixing equal values for viscosity, width, and conductivity for fluids in both the regions and in the absence of Hartman number and electric filed load parameter we obtain the results of Zanchini [13] for the one-fluid model.
